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a b s t r a c t
In the present investigation an upper bound of second Hankel determinant | a2a4 − a23 |
for functions belonging to the class Rτγ (A, B) is studied using Toeplitz determinants.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
LetA denote the class of functions of the form
f (z) = z +
∞
k=2
akzk (1.1)
which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1} and S denote the subclass ofA that are univalent in U.
A function f (z) inA is said to be in class S∗ of starlike functions of order zero in U if and only ifℜ

zf ′(z)
f (z)

> 0 for z ∈ U.
LetK denote the class of all functions f ∈ A that are convex. Further, f is convex if and only if zf ′(z) is starlike. A function
f ∈ A is said to be close-to-convex with respect to a fixed starlike function g ∈ S∗ if and only if ℜ

zf ′(z)
g(z)

> 0 for z ∈ U.
Also, let P be the family of functions p(z) ∈ H (class of analytic functions in U) satisfying p(0) = 1 andℜ(p(z)) > 0.
If f , g ∈ H , then the function f is said to be subordinate to g , written as f (z) ≺ g(z) (z ∈ U), if there exists a Schwarz
functionw ∈ H withw(0) = 0 and |w(z)| < 1 (z ∈ U) such that f (z) = g(w(z)).
In particular, if g is univalent in U, then we have the following equivalence:
f (z) ≺ g(z) ⇐⇒ f (0) = g(0) and f (U) ⊂ g(U).
Definition 1.1. Let 0 5 γ 5 1, τ ∈ C\ {0}. A function f ∈ A is in the class Rτγ (A, B) if it satisfies the following subordination
condition:
1+ 1
τ
(f ′(z)+ γ zf ′′(z)− 1) ≺ 1+ Az
1+ Bz (−1 5 B < A 5 1; z ∈ U), (1.2)
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which is equivalent to saying that f ′(z)+ γ zf ′′(z)− 1τ(A− B)− B(f ′(z)+ γ zf ′′(z)− 1)
 < 1. (1.3)
The class Rτγ (A, B) is essentially motivated by Swaminathan [1] and introduced by Bansal [2]. We list few particular cases of
this class discussed in the literature:
[1] Rτγ (1− 2β,−1) = Rτγ (β) for 0 5 β < 1, τ = C \ {0}was discussed recently by Swaminathan [1].
[2] The class Rτγ (1− 2β,−1) for τ = eiη cos η where−π/2 < η < π/2 is considered in [3] (see also [4]).
[3] The class Rτ1(0,−1)with τ = eiη cos η was considered in [5] with reference to the univalency of partial sums.
[4] f ∈ Reiη cos ηγ (1− 2β,−1)whenever zf ′(z) ∈ Pτγ (β), the class considered in [6].
For geometric aspects of these classes, see the corresponding references.
In 1976, Noonan and Thomas [7] defined the qth Hankel determinant of f (z) for q = 1 and n = 1 is defined by
Hq(n) =

an an+1 · · · an+q−1
an+1 an+2 · · · an+q
· · ·
· · ·
an+q−1 an+q · · · an+2q−2
 .
For our present discussion, we consider the Hankel determinant in the case q = 2 and n = 2 known as second Hankel
determinant:
H2(2) = |a2a4 − a23|,
and obtain an upper bound to the functional H2(2) for f (z) ∈ Rτγ (A, B). Earlier Janteng et al. [8,9] and Mishra and
Gochhayat [10] and many others have obtained sharp upper bounds of H2(2) for different classes of analytic functions.
To prove our main result we need the following Lemmas:
Lemma 1.1 (See [11]). Let the function p ∈ P , and be given by the series
p(z) = 1+ c1z + c2z2 + c3z3 + · · · (z ∈ U), (1.4)
then, the sharp estimate
|cn| 5 2 (n ∈ N), (1.5)
holds.
Lemma 1.2 (See [12]). Let the function p ∈ P be given by the power series (1.4), then
2c2 = c21 + x(4− c21 ) (1.6)
for some x, |x| 5 1, and
4c3 = c31 + 2(4− c21 )c1x− c1(4− c21 )x2 + 2(4− c21 )(1− |x|2)z, (1.7)
for some z, |z| 5 1.
2. The main result
Our main result is the following:
Theorem 2.1. Let the function f (z) given by (1.1) be in the class Rτγ (A, B), where
0 5 γ 5 1, τ ∈ C \ {0}, −1 5 B < A 5 1; z ∈ U, (2.1)
then
|a2a4 − a23| 5
|τ |2(A− B)2
9(1+ 2γ )2 . (2.2)
Proof. If f (z) ∈ Rτγ (A, B), then there exists a Schwarz functionw(z) analytic in Uwithw(0) = 0 and |w(z)| < 1 in U, such
that
1+ 1
τ
(f ′(z)+ γ zf ′′(z)− 1) = φ(w(z)) (z ∈ U), (2.3)
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where
φ(z) = 1+ Az
1+ Bz = 1+ (A− B)z − B(A− B)z
2 + B2(A− B)z3 + · · · ·
= 1+ B1z + B2z2 + B3z3 + · · · · · (z ∈ U). (2.4)
Define the function p1(z) by
p1(z) = 1+ w(z)1− w(z) = 1+ c1z + c2z
2 + · · · (z ∈ U). (2.5)
Sincew(z) is a Schwarz function, we see thatℜp1(z) > 0 and p1(0) = 1. Define the function h(z) by
h(z) = 1+ 1
τ
(f ′(z)+ γ zf ′′(z)− 1) = 1+ b1z + b2z2 + · · · (z ∈ U). (2.6)
In view of the Eqs. (2.3), (2.5) and (2.6), we have
h(z) = φ

p1(z)− 1
p1(z)+ 1

= φ

c1z + c2z2 + c3z3 + · · ·
2+ c1z + c2z2 + c3z3 + · · ·

= φ

1
2
c1z + 12 (c2 − c
2
1/2)z
2 + 1
2
(c3 − c1c2 + c31/4)z3 + · · ·

= 1+ B1c1
2
z +

B1
2
(c2 − c21/2)+
B2c21
4

z2
+

B1
2

c3 − c1c2 + c31/4
+ B2c1
2

c2 − c21/2
+ B3c31
8

z3 + · · · .
Thus,
b1 = 12B1c1; b2 =
1
2
B1(c2 − c21/2)+
1
4
B2c21
and
b3 = B12

c3 − c1c2 + c31/4
+ B2c1
2

c2 − c21/2
+ B3c31
8
. (2.7)
Using (2.4) and (2.6) in (2.7), we obtain
a2 = (A− B)c1τ4(1+ γ ) ; a3 =
τ(A− B)
12(1+ 2γ )

2c2 − c21 (1+ B)

(2.8)
a4 = τ(A− B)32(1+ 3γ )

4c3 − 4c1c2(1+ B)+ c31 (1+ B)2

. (2.9)
Therefore we have
|a2a4 − a23| =
|τ |2(A− B)2
128(1+ γ )(1+ 3γ )
4c1c3 − 4c21c2(1+ B)+ c41 (1+ B)2
− 8(1+ γ )(1+ 3γ )
9(1+ 2γ )2 [4c
2
2 − 4c21c2(1+ B)+ c41 (1+ B)2]

= T 4c1c3 − 4c21c2(1+ B)+ c41 (1+ B)2 − p[4c22 − 4c21c2(1+ B)+ c41 (1+ B)2]
= T 4c1c3 + c41 (1+ B)2(1− p)− 4pc22 − 4c21c2(1+ B)(1− p) (2.10)
where
T = |τ |
2(A− B)2
128(1+ γ )(1+ 3γ ) and p =
8(1+ γ )(1+ 3γ )
9(1+ 2γ )2 . (2.11)
It can be easily verified that for 0 5 γ 5 1, p ∈  6481 , 89 . The above Eq. (2.10), is equivalent to
|a2a4 − a23| = T |d1c1c3 + d2c21c2 + d3c22 + d4c41 |, (2.12)
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d1 = 4; d2 = −4(1+ B)(1− p); d3 = −4p; d4 = (1− p)(1+ B)2. (2.13)
Since the functions p(z) and p(eiθ z) (θ ∈ R) are members of the class P simultaneously, we assume without loss of
generality that c1 > 0. For convenience of notation, we take c1 = c (c ∈ [0, 2] see (1.5)). Also, substituting the values of c2
and c3 respectively, from (1.6) and (1.7) in (2.12), we have
|a2a4 − a23| =
T
4
|c4(d1 + 2d2 + d3 + 4d4)+ 2xc2(4− c2)(d1 + d2 + d3)+ (4− c2)x2(−d1c2 + d3(4− c2))
+ 2d1c(4− c2)(1− |x |2)z|.
An application of triangle inequality, replacement of |x| by µ and substituting the values of d1, d2, d3 and d4 from (2.13),
we get
|a2a4 − a23| 5
T
4

4c4(1− p)B2 + 8|B|(1− p)µc2(4− c2)
+ (4− c2)µ2(4c2 + 4p(4− c2))+ 8c(4− c2)(1− µ2)
= T c4(1− p)B2 + 2c(4− c2)+ 2µ|B|(1− p)c2(4− c2)+ µ2(4− c2)(c − α)(c − β) ,
= F(c, µ) (say), (2.14)
where α = 2, β = 2p1−p > 2.
Next, we assume that the upper bound for (2.14) occurs at an interior point of the rectangle [0, 2]×[0, 1]. Differentiating
F(c, µ) in (2.14) partially with respect to µ, we have
∂F
∂µ
= T 2|B|(1− p)c2(4− c2)+ 2µ(4− c2)(c − α)(c − β) . (2.15)
For 0 < µ < 1 and for any fixed c with 0 < c < 2, from (2.15), we observe that ∂F
∂µ
> 0. Therefore F(c, µ) is an increasing
function ofµ, this contradicts our assumption that themaximum value of F(c, µ) occurs at an interior point of the rectangle
[0, 2] × [0, 1]. Moreover, for fixed c ∈ [0, 2],
Max F(c, µ) = F(c, 1) = G(c) (say). (2.16)
Thus
G(c) = T c4(1− p)(B2 − 2|B| − 1)+ 4c2(2|B|(1− p)+ 1− 2p)+ 16p . (2.17)
Next,
G′(c) = 4cT c2(1− p)(B2 − 2|B| − 1)+ 2(2|B|(1− p)+ 1− 2p)
= 4cT c2(1− p)(B2 − 2|B| − 1)+ 2 {(1− p)[2|B| + 1] − p} . (2.18)
So G′(c) < 0 for 0 < c < 2 and has real critical point at c = 0. Also G(c) > G(2). Therefore, maximum of G(c) occurs at
c = 0. Therefore, the upper bound of F(c, µ) corresponds to µ = 1 and c = 0. Hence,
|a2a4 − a23| 5 16pT =
|τ |2(A− B)2
9(1+ 2γ )2 .
This completes the proof of the Theorem. 
Remark 2.1. If we set γ = 0, A = 1, B = −1 and τ = 1, we get the functions in the class satisfying the analytic criterion
ℜf ′(z) > 0, which implies that f (z) is close-to-convex with respect to the starlike function g(z) = z. Using Theorem 2.1 we
get the result for this class which were earlier obtained by Janteng et al. [9].
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